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Attempt four of the following problems, including problems n° 2 & n° 4.

Group THEORY & FIELD THEORY

1.

2.

Describe all groups of order 2023 (up to isomorphism).

When do we say that a group G is solvable? Show that any group of order p®q" is solvable, where p < ¢
are odd primes with ¢ # 1 + p + p? and n is any positive integer.

What do we mean by an extension of a group G by a group F'? When do we say that the extension is split?
Show that any split extension of G by F' is a semidirect product of ' by G.

When do we say that a field extension is normal? Let K /k be an algebraic extension. Suppose every o € K
is contained in a normal subextension N (ie., ¥k C N C K with N/k normal), then show that K /k is
normal.

Decide whether the following statements are true or false, with brief but complete justifications (coun-
terexamples, proofs etc.) (any five):

(a) If N is a normal subgroup of G, then G is always isomorphic to N x G/N.

(b) If N is a normal subgroup of G, then G always has a subgroup isomorphic to G/N.

(c) If K /k is a field extension of degree 3, then it is a normal extension.

(d) If k C F C K is atower of fields such that F'/k, K/ F’ are both algebraic, then K/ is also algebraic.

(e) If K and L are normal extensions of k, contained in the same extension F of k (ie, k C K, L C E),
then K L is normal over both K and k.

(f) Let K /k be an extension of degree m and f(X) € k[X] be an irreducible polynomial of degree
coprime to m, then K is not the splitting field of f(X).

(g) The splitting field of X3 + X2 + X + 1 € Q[X] is of degree 3 over Q.

(h) Given a group G, the subgroup Inn(G) of Aut(G) consisting of inner automorphisms, is normal in
Aut(G).

(i) If G4, ..., Gy, are solvable, so is their direct product Gy X - -+ X G,.

(j) fl1 - F - E — G — 1is a short exact sequence of groups with F' and G abelian, then E is
necessarily abelian.
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!Tt remains solvable even when g = 1 + p + p?, but you don’t have to prove this.
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